In this work, we systematically study the non-adiabatic effects on the superconductivity of selected intermetallic borocarbides. Using the strong-coupling Eliashberg theory with and without lowest-order vertex correction we find that for a fixed experimental value of critical temperature the Coulomb pseudopotential can take different values, however, the superconducting order parameter remains practically unaffected. From the physical point of view, it means that in the investigated superconductors the lowest-order vertex correction does not play a significant role.
Introduction
The intermetallic borocarbides with formula RT 2 B 2 C (in which R is a rare earth element and T denotes a transition metal) are subject of extensive theoretical as well as experimental attention due to great variety of their fascinating physical properties. Especially, in the certain combination of R and T elements, the magnetic and superconducting ordering can coexist [1, 2] . In particular, the magnetic moments come from the rare earths and the transition metals specify the density of conduction electrons [3] . The conventional phonon-mediated superconductivity with a strong electron-phonon coupling strength in these materials is evidenced by specific heat and boron isotope effect measurements [4] [5] [6] . These compounds show a layered structure, and therefore they are considered as possibly close to cuprates [7] . The evidence for a multi-band nature of the superconductivity in YNi 2 B 2 C and LuNi 2 B 2 C was reported among others in the papers [8, 9] . One of the main features of these materials is the presence of two energy gaps which, however, vanish at the same critical temperature [10] . Our previous theoretical work on intermetallic borocarbides YPd 2 B 2 C, YPt 2 B 2 C and LaPt 2 B 2 C [11] shows that the experimental values of the critical temperature cannot be properly reproduced using the commonly accepted value of the Coulomb pseudopotential. Moreover, we proved that the values of universal ratios of conventional superconductivity appearing in the BardeenCooper-Schrieffer (BCS) theory of superconductivity [12] are inconsistent with our results obtained in the framework of the Eliashberg formalism [14] . The observed differences are connected with the strong/medium-coupling and retardation effects existing in the investigated mate- * corresponding author; e-mail: adurajski@wip.pcz.pl rials. Thus, in the light of our previous work, herein we have studied the influence of the non-adiabatic effects on the superconducting properties of YPd 2 B 2 C, YPt 2 B 2 C and LaPt 2 B 2 C. In particular, we take into account the behavior of the Coulomb pseudopotential and superconducting order parameter.
This paper is organized as follows. In Sect. 2, we introduce the theoretical model used to determine the quantities characterizing the superconductors. In Sect. 3, we report and compare the investigated thermodynamic parameters of superconducting YPd 2 B 2 C, YPt 2 B 2 C and LaPt 2 B 2 C. In particular, we discuss the validity of the conventional Migdal-Eliashberg theory and we examine its effect of lowest-order vertex correction on the Coulomb pseudopotential and superconducting order parameter. Finally, we give a summary of this study in Sect. 4.
Theoretical model and computational methods
The thermodynamic properties of phonon-mediated superconductors can be accurately described within the framework of the Migdal-Eliashberg theory which is one of the most powerful and versatile approaches to study of superconductivity [14, 15] . Due to the absence of evidences for multi-band character of superconducting state in YPd 2 B 2 C, YPt 2 B 2 C, and LaPt 2 B 2 C we conducted our investigations in the framework of an isotropic single-band Eliashberg model. For the superconducting order parameter function ϕ n = ϕ ( i ω n ) and for the electron mass renormalization function Z n = Z ( iω n ) in the imaginary-frequencies axis formulation the Eliashberg equations take the following form [14, 16] :
where the electron-phonon interaction pairing kernel is defined as:
Symbol µ * denotes the Coulomb pseudopotential. The Heaviside function is given by θ and the cut-off frequency (ω c ) equals ten times the maximal phonon frequency.
The application of the above Eliashberg equations to describe the electron-phonon superconductivity is justified for systems in which the value of the Debye phonon frequency (ω D ) to the Fermi energy (ε F ) ratio is negligible ω D /ε F ≈ 0. Otherwise the Eliashberg equations should be generalized by taking into account the lowest-order vertex correction for electron-phonon interactions which describes the non-adiabatic effects which can appreciably raise T c and lead to a number of new effects for both the superconductive and normal state [17] . In high-temperature cuprates and fullerenes the value of ratio ω D /ε F is of the order of 0.1 and therefore it is necessary to include vertex corrections in the self-energy [18] [19] [20] . The investigated in this paper compounds have a layered structure, and therefore they are considered as close to cuprates. Moreover, the ratio ω D /ε F is of the order of 0.01 and therefore it would seem that the vertex corrections due to the breakdown of Migdal's theorem for the electron-phonon interactions should also have important consequences on the thermodynamic properties of superconducting state. The generalization Eliashberg equations can be written in the following form [18, 19, [21] [22] [23] :
and
The Eliashberg spectral functions α 2 F (ω) for the investigated intermetallic borocarbides have been previously calculated by Uzunok et al. [24, 25] using the Quantum-ESPRESSO package [26, 27] .
Like many other complex systems [28] [29] [30] [31] [32] [33] , the Eliashberg equations are too complicated to solve them in an analytical way. Due to the above, in this study the numerical analysis was performed using a self-consistent iteration methods [34] , which were implemented successfully in our previous papers [35] [36] [37] [38] . The convergence and precision of presented results are controlled by assuming the high number (M ) of the Matsubara frequencies ω n = (π/β) (2n − 1), where n = 0, ±1, ±2, . . . , ±M . Both sets of the Eliashberg equations were solved simultaneously.
Results and discussion
To correctly evaluate the thermodynamic properties of superconducting state within the framework of the Eliashberg equations, the screened Coulomb interaction (the Coulomb pseudopotential µ * c ) should be calculated using the condition that the superconducting order parameter (∆ n=1 = ϕ n=1 /Z n=1 ) vanishes at critical temperature obtained directly from the experimental measurements.
The calculated course of the function ∆ n=1 (µ * ) is presented in Fig. 1 .
From the following relation [∆ n=1 (µ * )] T =Tc = 0, where T c for YPd 2 B 2 C, YPt 2 B 2 C, and LaPt 2 B 2 C equals 21, 10, and 10 K, respectively [39] [40] [41] , we can conclude that in the framework of the Eliashberg equations In the next step, we examine the influence of the lowest-order vertex correction on the superconducting order parameter. Figure 2 presents the plot of the dependence of the order parameter for the first Matsubara frequency on temperature.
It is clearly visible that the values of order parameter calculated with regard to the vertex corrections are practically identical with the values of ∆ n=1 (T ) designated within the framework of the classic Eliashberg scheme. This means that the superconducting properties of intermetallic borocarbides can be successfully obtained in the framework of the conventional Migdal-Eliashberg formalism with the proviso that µ * c has to be accurately determined. This result is connected with the fact that the electron-phonon vertex correction is shown to be so small, ω D /ε F ≈ 0.012, and can be neglected. Therefore conventional Migdal-Eliashberg formalism is enough to capture the thermodynamics of these materials well.
Conclusions
In present paper we have carefully studied the nonadiabatic effects in superconducting YPd 2 B 2 C, YPt 2 B 2 C and LaPt 2 B 2 C using the conventional and extended Eliashberg equations. From the numerical calculations described herein, we can conclude that for the fixed experimental values of critical temperature, the lowestorder vertex correction only slightly changes the Coulomb pseudopotential and plays a negligibly small role in the case of description of the superconducting order parameter. On this basis, we proved that the conventional Migdal-Eliashberg formalism is enough to capture the thermodynamics of these materials on the quantitative level.
